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SUMMARY

A study was made to dstermine the effect of rotation on the
dynamic-gtress distribution in vibrating cantilever beams. The
results of a mathematical enalysis are presented together with ex-
perimental results obtained by means of stroboscopic photographs
end strain gages. ) The theoraticel analysis was confined to uniform
cantilever beams; the expsrimental work wes extended to jnclude a
tarered cantilever beam to simulate an aircraft propeller blade.
Calculations were mads on a nondimensiocnal basls for second- and
_third-mode vibration; the experiments were carried out on beams of
various lengths, materials, and cross sections for second-mode
vibration. ZFrom this investigation 1t was concluded that high
vibratory-stress positions are unaffected by the addition of cen-
trifugal. force at rotary speeds as high as 100 percent above the
normal opsrating sreed range of present asronsutical equipment.
Nonrotating vibration surveys of blades therefore are valuable in
predicting high vibratory-stress locations under operating conditions.

INTROIXJCTION

Resonant vibration causes many of the fallures encountered in
aircraft propeller blades and in currently used high-speed compressor
and turbine blades, The high stresses that cause these failures are
brought about by the coincidence of one of the exciting forces
present with one of the naturel frequencies of the blade. Con-
siderable progress was mede on the study of resonant vibration with
the Introduction of strain gages for measuring stress in rotating
parts. Thils method of measuring vibratory stress in propeller blades
has become the standard procedure for determining safe engins-nropeller
combinations. The results obtained in thie manner, however, have
sometimes proved unsatisfactory because misleading dats have resulted
from the improper location of the strain geges. Many propeller-blade -
fatigue faillures occurred on endurance test stands although the
engine-proypeller combination had been pronounced safe on the basis
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of results obtained with straln-gege vibration surveys. Such
fallures indicate a need for a hetter method of locating strain
gages on propeller blades. The strain gages could be properly
located if the localion of the high vibrato;y-stress positlons can
be determined.

The additlon of centrifugal force cavses a considerable change
in the natural frequencles of a propeller hlade. Refersnce 1 states _
and thecretlical calculatlions in referonce 2 imply that—centrifugal
force also changes the mode shapes and hilgh-gtress positions of g
vibrating blade. DBritish investigators (Morrils and Head, and Piper)
mainsain, however, that centrifugal Torce has little or no effect
on mode shape. If this opfinlon is caorract, a static (nonrotating)
vibration survey of a blade would result 1n the locatlon of the high-
gtress positions for the various natural modes of vibration. Further-
more, only one static survey would be necesmary for a partlcular
type of blade, because gocmetrically similar biades have the samo
nmode ghapes and would thersfore have geomstrically simllar hlgh-stress
positions. : :

In an effort to improve the checkling of engins-propeller combl-
natlons and to provide a means of predicting vibration trouble in
high-speed turbines ani comyressors, the NACA Cleveland laboratory
conducted an investigation ta dstermine lhe offect of centrifugsl
force on the mode shape and stress distribution of a rotating blade
vibrating at resonance.

The vibration of uniform heams in a centrifugal~force fiseld
was nmathemetically investligated employing a nwerical method glven
by Myklestad (refercnce 3) for tho determination of natural frequen-
cies and mode shapes of such beams., The problem was experimentally
gtudied by subjecting beams of varilous lengths and materials to
rotational speeds up to 1015 *#rpu while vibrating in second mode.

In addition to beams of unifoxrm cross section, a beem of verying
cross sectlon, made to simulate a propeller blade, was also studied.
Mode shapes were obbalned from photcgraphs teken using a strobo-
gcoplc lignht source and stress-distribubtion curves were obtained wlth
gtrain gages. The results of the strain-gage dats taken on the
tapered beam (nonrotating) were compared with similar data obtalned
on & propeller blade to determine the similarity in nroparties of-
the tapersd beam and of a propeller blads.
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MATHEMATICAI. PROCEDURE AND RESULTS - -

A conTenient method of determining freguencies and mode shapes
of rotating besms, such as propeller blades, helicopter rotors, and
turbire bledes, is given In reference 3. This method involves
substituting a series of puint masses and massless springs for tus
beaw, The polnt masses are =0 golected that the mass dlstributlion
of the subotitute system represents an approximation of the mass
distsibution of the actual beam. Simllarly, the snrings are
gelected Ho repressnt an approximation of the elastic distribubtion
of the beam. Angrlar and linear deflections of each subatitute
snring, under the influence of unit loading and unit moment, are
used as influence coefficients in the calculation. The nethod of
calenlation is analogous to the more commonly xnown Holzer method
of analyzing torgional vibrations but is ecmewhat ncre cgmplivausd
particularly when the effect of ceﬁtrifugal force is introduced.
The calculation ls made by assuming -4 ndtural frequency and commputing
the anzular and linear defliectlons, point by point, proceeding from
the free end of ‘thie peam to the fixed end. The ssesumsd freqvency
ig an actual natural Prequency if the calculated deflections méet
the end conditions at the fized end. With skill .the ccrrect
frequency can be determined after two o three calculatlons.

Although this method represents an approximation of actusl
conditions, the eccuracy of the resulting values Is limitel only
by The number of mass~-spring sebts used in apprcximating the bear._

All the calculations for this investigation wore mede using 10 equal

concentrated massesg located at the midpoints of 1G equal sections

of. the bean. The accuracy of thisg approximation is shown in

Tigure 1 where the second-mode deflection curves, calculated by

the Myxlestad method (reference 3) and by solubticn of the theoretical
ecuation based on gimple~beam theory glven in reference 4, are
nlotted for a norrotating unifoim cantilever beam. The Myklestad
methed for this degree of approzimation accurately determines the
eritical locations of the dsflection curves; namely, the noles,

the antinodes, and ths inflection points. Reletlve armplitudes,
however, are sxnewhat im errcr.

A plot of thie Myklestad calcala ion for a uniform cantilever
bean vibrating in second mode, while rotating at a sieed such that
the ratio of angular velocity (rad;ans/sec) to natural angular
freguency (rquians/sec)Qu/p) is C.292, is shown in figure 2., A

defiection curve of a cantilever bean with no rotatior, as calcu-
lated from the theoretical equabtlon of refersncs 4, is plotted
on the sams figuvre. igure 3 shows the same type of plat for

third-mode vibretion., The Myklestad calculation for this figrre
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was made with w/» = 0,160. The two ratios, 0,292 (fig. 2) and
0.160 (fig. 3), represent anguler velocities approximately 100 par-
cent above the rotative snpeads encountered in operation and were
selected to emnhasize any effest rotation might have on the
location of critical polnts in the deflection curves.

Figure 2 indicates that no ghift of critical polnts occurs
becauge of rotation. The smell shift in artincde positions in
figure 3 is attributed to insufficient mass-spring combinations for
accuracy at this higher mode of vibration.

APPARATUS AND TEST PROCEDURE

The experimental data were obtalned wlth the apparatus (fig. 4),
which included Instrumente for recarding deflection, angular
veloclty, and vlbration frequency. The setup provides a means of
gimultansously vibrating and rotatling a beam. A photoelectrlc
tube, which actuated a strobosccope, was ugdd to "stop" the beem for
photographing the wibretion durlag rotation. White dots were painted
on the boam to facllitate photographing andé measuring. The -
photoslectric-tube signal was also recorded on an oscillograph for
use as a revolution counter. The gignal from a vibration pickup
located on the bedplate was Impressed on arother chennel of the
oscillograph as a slmulianeous frequency counter. Strain gages,
located as shown in figure 5, were used to obtain vibratory stress-
distribution data.

Three different beams were used in the experiment, The flrst
beam was of low-carbon steel with a crosgs section of 1 B}”f%.inch

'; .
and had a free length of 17—§-inches. The beam was mbunted ag &a

cantilever with tho fixed end at the centor of rotation. Various
speeds from O to 1015 rpim were set with the varisble-~speed driving
unit, The speed of the exciter was set for resonant second-mode
vibration at each of thé rotational speeds. A 50-gecomd fllm
exposure was mads at each speed and veccrds of the angular velocity
and vibration frequency wers obtained., The runs were then repeated
with the beam enclosed in a transparent plastic box (fig. 6) %o
eliminate any effect of aerodynamic  damping that might accompany
combined rotatlion and vibration.

Strain gages were cemented to the top of the beam., The lead
wires were cemented to the top of the beam and run to & slip-ring
asgembly having 13 channels. The signals from the strain gages
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wore impressed on & mnltichannel oscillogreph capable of simmltane-
ously recoraing 12 stresses. BReccrds of the vibratory stress were
obtalned at speeds of 0, 536, and 1015 rpm at second-mode resonance.

The second boam was of soft brase with a cross section of 1 by

1
3 inch and had a free length of 20 inchsa. Deflesctlion photographs

wore taken cf this beam at various angular velcocities ranging from O
to 99€ rom. : T ’

The thalird beam was of low~caroon steel with & crose section

that varied uniformly from 1 by -'ié inch a%t the fixed end to 1 by

_6}4- inch st the free end., Ths free length of thls tapered cantilever

bean is 17-2 inches. The same tyre of freguency and mode- sha,pe da’ca
were obtained for the Lapered beam as for the uniform stoel beam.

In order to obtain more complete data on the tapered beam,
18 gtrain gagee were used. - Because only 12 gago slignale could be
recorded at one time, the gages wsre wired inta twro groups of .
12 gages_each, the central slx gages boing common $o both sets.
Ons rebord of each get was taken at each test point. The data from
the six common gages were used %o vcrrect for small changes in

anplitude between realings. o

A hollow steel propeller blads was so mounted as to be suppbrted

in tre same menner &8 in an achweal propeller hub., Strain gages were
mounted on the camber side along bthe maximum camber iine, Simul-
taneous records of bendlng stress along the blade wers obtained with
the propeller blade subjected to nonrotating second-mode v-’l'bra'bif\n.

EXPERIMENTAL RESULTS e

Photogranha of the uniform cantilever stesl beam, vibrating in
second mode end rotating at speeds of 1715, 536, ard O rpm, are
shovn in figure 7. Measurements were made from enlargements of
these photogiaphs apd the data are pletted In figure 8. The only
changs in these curves resulting from an increase in spesed of
rotation 1s a decrease in relative entincde amplitude.

Tke experiment was then repeated with the beam enclosed in the
transparent plastic box to eliminate any effecte cf rotational
aerodynemic damping. When the results of measguremsnte mado froim
enlaergements of the photographs shown in filgure 9 were plotted, the
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deflection curves were the same as those obtained with the un-
enclosed beam, + was thevefors concluded that the effect of
rotvatlonal serodynamic damping could be heglected in the experiments,

Experimental vibratory stress-distribution curves for the uni-
form cantilever steel heam wereé obtalned from the second derivatives
off the deflection curves shovn In flgure 8. These stress-dlstribution
curves, together with strain-gage readings, are shown in flgure 10, _

An accurate check.of sscond-mode resonant frequency at various
speeds of rotation was made. The frequency was agsumsd o vary with
speed according to the formula derilved fram that given in refsrence 5

£ =f\ff02 + KF

whers _ . _ . . e R
T regonant frequensy, cycles per second

fo regsonant frequency at O rpm, cycles per second

X ccngtant

Q angular velaclty of beam, revolutions per second

The value of the constant K Zfor second mode obtained from experi-
mental data was 6.55 as ccmparsd with an approximete value of 6
given in reference 5, A comparison of curves obtained by using
these two constants is given in figure 11, ~  _  ~ _ o _

In order to ellminate any ocoincidencée involving the materlial
congtants or dimensions, a brass beam of different length and cross
saction was used in the second part of the experiment. Btroboscoplc
rhotographs of this besm are presented In figure 12. Deflection
measurements mate from enlavgements of filgure 12 are plotted in
figure 13 and can he compared with the deflection ocurves of the
uniform cantllever steel beam shovn in figure 8. The ldentical
nature of the two sets of deflection curves for the uniforn cantls
lever brass and steel heams eliminated any necesslty for a streas
analyeis of the brass beam. From these data, it is ovident that the
physical constants of the material or the dilmenslions have no effuct
on the elastic curve of a vibrating uwniform cantilever beam. Thils'
conclusion 18 valid for both stationary and rotatling beams.
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Deflection curves for the tapered centllever steel beam were
obtained, as in the previous experiments, from the photographs
shown in figure 14 and are presented in figure 15. The relation
between antinode and tip deflectlon is coneiderably changed from
the uniform centilever-beam relation but the node occurs at the ' S
game place, that is, 78 porcent of the length from the fixed end.

The same tendency in antinode deflection comprared with tip

deflection occurs with increased angular velocity, as in the case

of the uniform cantilever beam; that is, the antinode loop be- ]
comes smaller in relation to tip amplitude with increase In ) B
angular velocity of the beam. Stress distribution at & rotatlonal
gpeed of O rpm was obtalned from the second derivative of the
deflection curve (fig. 15(c)) and is plotted in figure 16 with the
experimental points cbtained from strain gages.

The tapered cantllsver steel beam used in this sxperiment was
80 chosen as to represent e typlcal variation in cross-section
mowent of lnertia along a propeller blade., In order to determine
the degree of approximation of the tapered beam to & propeller
blade, strain-gage measurements were made along the maximum camber
line of a hollow steel propeller blads vibrating In second mwods,
These stress measureuments are plotted in figure 16 together with
the stress distribution of the tapered cantilever steel bean.

DISCUSSION

A comparison of the curves presented in flgure 17, based on
the results of both experiments and calculations, indicate that the
introduction of centrifugal force has no effect on the maximum
dynemic-stress locations in a vibrating cantilever beam fixed at
the center of rotation within the investigated speed range. The
gensral shape of the deflection curve, in particular the location
of node positlons, 1s also unaffected by rotation although relative
amplitudes vary; that is, the amplitude of antinode loops relative
to tip amplitude decreases with increasing rotational speed. Because
node and maximum dynamic-stress locations are invariant, static-
bending vibration surveys of beams that will be subsequently subJjected
to vibratory forces in a centrifugal-forca field will locate critical
arcas for strain-gage location in rotary testing. This procedurs
will decrease the possiblility of misleading data because of improperly
located strain gages. : S
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CONCLUSIONS

Two important conclusions may be drawn on the bagis of the study
of beams vibrating in & centrifugal-force field:

1. Node positions and maximuw vibratory-stress locations are
unaffected by centrifugel force within the investigated speed range
in a cantllsver beam fized at the center of rotatlion and vibrating
in bending wmodes.

2, Static-vihration surveys of propeller blades and similar
rotating parts may be utilized to predict the maximum vibratory-
stress positions in such blades under operating conditions.

Alrcraft Engine Resegrch Leboratory, : &
National Advisory Committese for Aeronavtics,
Cleveland, Ohlo, September 18, 1946.
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Figure 1, = Comparison of calculated second-mode deflection
curves for nonrotating uhiform cantllever beam.
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78] O Calculated with simple=~-beam theory
50 at w/p = 0.0 (reference 4)

W falculated with Myklestad method

25 at w/p = 0.292 (reference 3)
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Figure 2. = Effect of centrifugal force on second-mode
s deflection curve of uniform cantilever beam, :

© Calculated with simple=beam theory
at @/p = 0.0 (reference 4) .
# Calculated with Myklestad method
100 at @/p = 0.160 (reference 3) ﬁ
76 : . /,
80
25|
°
«25
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Distance from fixed end, percent

Pigure 3. = Effect of centrifugal force on third-mode
deflection curve of uniform-cantilever beam.
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- " Fig.
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Figure 5. -
tory stress along cantilever beam that

rotating and vibrating.

is simultaneously

Diagrammatic sketch of setup for measuring vibra-
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Figure 6. - Cantilever beam enclosed in piastic box to eliminate rotational aero-
dynamic damping effect,
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(a) Rotational speed, 1015 rpm; frequency, 57.9 cycles per second.

{b} Rotational speed, 536 rpm; frequency, 44.7 cycles per second.

lc) Rotational speed, O rpm; frequency, 38.6 cycles per second.

NACA
C-15801
9-6-46

Figure 7. -~ Stroboscopic photographs of uniform cantilever steel beam fixed at center
of rotation and vibrating in second mode at various speeds of rotation.
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Deflection, percent of free-end amplitude

8
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(a) Rotational speed, 1015 rpm.
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20 ’/,

=40 \\ pd
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(b} Rotational speed, 536 rpm.

100

N /
S
-60 \-

0 10 20 30 40 50 60 70 80 90 100
Distance from fixed end, percent
(c) Rotational speed, O rpm.
Figure 8., = Experimental deflection curves of uniform cantilever

steel beam flxed at center of rotation and vibrating in second
mode while rotating at various speeds.,
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la) Rotational speed, 1015 rpm; frequency, 57.9 cycles per second.

{b) Rotational speed, 536 rpm; frequency,'44.7 cycles per second.

(c) Rotational speed, O rpm; frequency, 38,6 cycles per second,

NACA
C- 15802
9-6-46
Figure 9, - Stroboscopic photographs of uniform cantilever steel beam enclosed in trans-
parent plastic box fixed at center of rotation and vibrating in second mode at various
S peads of rotation. :
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(b) Rotatlional speed, 536 rpm.
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Figure 10. = Vibratory stress-distribution curves of uniform
cantllever steel beam fixed at center of rotation and vibrating
in second mode while rotating at various speeds. Stress curves
drawn from second derivative of experimental deflection curves
of figure 8. Experimental points obtained from strainegage
readings.
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Pigure 1l1l. = Variation of second=mode natural frequeney with
rotational speed for uniform cantilever steel beam, 1/16 inch

deep, 1 inch aeross, and 17%% inches long with fixed end at
center of rotation. )
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(a) Rotational speed, 998 rpm; frequency, 60.2 cycles per second.

(b) Rotational speed, 525 rpm; frequency, 48.3 cycles per second.

fc) Rotationali speed, 0 rpm; frequency, 42.% cycles per second.

NACA
C-15803
3-6-46

Figure 12, - Stroboscoplc photographs of uniform cantlilever brass beam fixed at center
.0f rotation and vibrating in second mode at various speeds of rotation,
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NACA TN No. 1204 ' Fig. 13

_ Deflection, percent of free-end amplitude
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(a) Rotational speed, 998 rpm.
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(b) Rotational speed, 525 rpm, ‘ I
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Figuare 13. = Experimental @eflection curves of uniform cantilever

trass beam fixed at center of rotation and vibrating in second
mode while rotating at various speeds,



(b) Rotational speed, 503 rpm; frequency, B81.7 cycles per second.

[c) Rotational

speed, O

Figure 14. - Stroboscopic photographs

of rotation and vibrating

in second

P . ) 636 .

rpm; frequency, B0 cycles per second.
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C- 15804
9-6-46

of tapered cantilever steel beam fixed at center
mode at various speeds of rotation.
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Deflection, percent of free-end amplitude

NACA TN No. 1204 ; Fig. 15
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Figure 15. = Experimental deflection curves of tapered cantilever
steel beam fixed at center of rotation and vibrating in second
mode while rotating at various speeds.
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16, = Compariszon of stress distributlon along tapered santllever steel beam and
hollow steel propeller blade, Streas curve drawn from sscond derivative of experimental
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Deflection, percent of free-end amplitude

100

17

75 ¢ Experimental points

o Calculated with simple-béam theory

50 (reference 4) :
25 O Calculated with Myklestad method

\ (reference 3)
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~(a) Angular frequency ratio, O.
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Distance from fixed end, percent
(b) Angular frequeney ratio, 0.292.
Flgure 17. - Comparison of theoretical and experimental curves

showing second-mode deflections of uniform cantilever beam for
two rotations.



